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ON n-WIDTHS IN L®
BY
CHARLES A. MICCHELLI AND ALLAN PINKUS

ABSTRACT. The n-width in L*® of certain sets determined by matrices and
integral operators is determined. The notion of total positivity is essential in
the analysis.

1. Introduction. Let X = (X,|| - ||) be a normal linear space, & a subset of X
and X, any n-dimensional linear subspace of X. Then the n-width of @
relative to X (in the sense of Kolmogorov) is defined to be

1.1 d (€; X) =inf sup inf ||x — y].
.1 h(@; X) =inf sup inf |x = |

Whenever there is no ambiguity in the choice of X we will denote the n-width
of @ by d,(®). X, is called an optimal subspace for @ provided that
d,(@; X) = supinf ||x —y|.
xERyEX,
A typical choice for @ is the image of the unit ball of some normed linear
space Y = (Y,|| - ||) under a compact mapping 4 of Y into X,

(1.2) @={4y:|y|<Lyevr}

When Y = X and X is a Hilbert space it is possible to obtain an expression
for d,(@; X) and identify optimal subspaces (see §2). These facts originated
with the example given by Kolmogorov in his paper [5] in which the concept
of n-width of a set was introduced. Subsequently, a number of papers
appeared treating n-widths in Hilbert spaces. However, there still does not
exist a corresponding complete theory for n-widths of @ when || - || is an
L*®-norm.

In this paper we present several results of a general nature concerning the
n-width of @ in the max-norm. Our main tool is the use of the notion of total
positivity. Total positivity seems to have direct bearing on computing n-
widths of @ in L*. Very little is known to us when this hypothesis is not
satisfied.

The paper is organized into eight sections. §2 is a preliminary section
containing some useful results for computing n-widths. We include in this
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section a brief discussion of the n-width of & when A4 is an N X M matrix
and X = IV, Euclidean N-space, as well as results and terminology concern-
ing totally positive matrices.

§3 contains some results on the n-width of & when A4 is an arbitrary
N X M matrix and X = /Y. We show that when min(M, N) = n + 1 and 4
has rank n + 1 then there exists n linearly independent column vectors of 4
which span an optimal subspace for &. Also, for a given N X M matrix we
introduce a real-valued function G,(i,j) where i=(i|,..., i) j=
Uy - - - »J,) are vectors of integers with 1 € i; <--- <i,,, <N, 1<
< -+ <j, € M and show that d,(&) lies in the interval [p,(4), A,(4)],
where

p,(4) = max mjin G,(i,§), A,(4)= mlin max G, (i, j)-

In §4 we prove that p,(4) = A,(4) = d,(€) when A is a strictly totally
positive matrix and that some n column vectors of A form an optimal
subspace for the n-width of &. Furthermore, we find the Gel'fand n-width of
@ and the best approximation to A by rank n matrices. Next, in §5 we relax
the hypothesis of §4 to include totally positive matrices, and in addition
consider sets of the form & + X, where X, is some fixed linear subspace of
dimension r.

§6 contains some examples of our previous results. In particular, we give an
optimal procedure, based upon n-widths, for compressing a large table of
numerical data when only information on the consecutive divided differences
of some order is available.

In §7, we apply some standard estimates for approximating an integral by a
Riemann sum and extend to integral operators our previous results on totally
positive matrices.

Finally, in §8, we describe how, again by using our results on matrices, to
compute the n-width of restricted moment spaces as well as the n-width of a
subset of L>[0, 1] of the form

M
Ny = {,glajuj(t): (@ ...,ay) €ERM, |?ja<xula"l< L0< < l].

Our results, both in the discrete and continuous form, were motivated by
and are dependent upon the methods employed by V. M. Tihomirov [10]. Our
approach to the continuous width problem (§7) has the advantage that, by
means of a “discretization”, we avoid the necessity of the nonlinear
variational arguments given in [10]). This matter occupies a large portion of
Tihomirov’s paper.

2. Preliminaries. In this section we collect some facts about widths and
totally positive matrices of which we will later make use.
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Perhaps the most important theorem is computing widths is the following
result of V. M. Tihomirov, cf. Singer [9, p. 277].

THEOREM 2.1. Let X, | be an n + 1-dimensional subspace of X and suppose

U, ., is the closed unit ball of X, ,. Thend,(U,,; X) = 1.

n

Theorem 2.1 is an effective tool in obtaining lower bounds for the n-width
of a set @ The usual method of application is to find a ball of some
n + 1-dimensional subspace of X which is contained in &. Then the radius of
the ball is a lower bound for the n-width.

If X C Y then clearly 4,(®@; Y) < d,(€; X). Moreover, there are examples
where strict inequality prevails. The depth of Theorem 2.1 lies in the fact that
the n-dimensional width of @ = U,,, does not decrease when U,,, is
embedded in a space of higher dimension. Although, in general this is not the
case, it is nevertheless true that the n-width of any bounded set is an
n +1-dimensional space has this property, cf. Singer [9, p. 279].

THEOREM 2.2 (A. L. BROWN). Let X be a normed linear space and X, ., an
n + 1-dimensional linear subspace of X. Then for every bounded set & C X, ,
we have d,(@; X) = d,(@; X, ))-

Theorem 2.2 is an easy consequence of Theorem 2.1 and the following
elementary but useful fact which is also due to A. L. Brown, cf. Singer [9, p.
276].

LeEMMA 2.1. Let @ be a convex, centrally symmetric, closed subset of an

n + 1-dimensional normed linear space X, , , then

d,(€; X,,,) = inf{||x||: x € Boundary &}.

Furthermore, an n-dimensional subspace X, is optimal for & if and only if the

hyperplane x + X, is a support for both & and the ball of radius d,(@; X, ) in
X

n+1°

Let us give an application of Lemma 2.1. Suppose 4 is an (n + 1) X (n +
1) nonsingular matrix. Let || - || be any vector norm on R"*! and let ||4|| be
the induced matrix norm of A. We define the set

(2.1) @ = {Ax: |x|< 1, x € R"*!)

and denote the n-width of @, in R"*! by d, (4).
LEMMA 2.2.d,(4) = |[A~ Y|~

PROOF. According to Lemma 2.1 we have
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d,(A) = inf{||y||: y € Boundary @}
i (] J4~5]= 1)

- -1
= [sup{l4=Y1: 1v1=1}]

—1n—1
=47

This completes the proof.

In particular, when we choose || - || to be the /2-norm on R"*! we obtain
d,(4) = Al% where A,,, is the smallest eigenvalue of the matrix 474
(AT = transpose of A). This fact is a special case of the following well-known
theorem on the n-width of &, when ||x|| is the Euclidean norm of x. We
include it here so that it may be compared to our results for the n-width of &,
for the max-norm.

For an N X M matrix 4 = ||q J||we1et0<}\M<>\M1< + <A be
the eigenvalues of the positive semidefinite matrix 474 and x!, x2,..., x™
the corresponding set of orthonormal eigenvectors. (We will use superscripts
to enumerate vectors while a subscript will be used to refer to a particular
component of a vector, except when otherwise indicated.) If » = rank A4 then
O0=Ay=---=XN; <AN<::-<Aandd,(4)=0whenn >r.

THEOREM 2.3. Let A be any N X M matrix. Then the n-width of the set @,
defined by (2.1), corresponding to the I*-norm || x||3 = M. ,|x,, is given by

d,(4) = {}»3421’ n<r
0, n>r.
Furthermore, when n < r — 1, an optimal subspace for @, is spanned by the
vectors Ax',i=1,2,...,n.
PrOOF. We assume n < r and define the vectors y! = Ax',i=1,2,...,r,
and denote by Y, the subspace spanned by y!, ..., y" Since 47Ax’ = A.x/,
i=1,...,r it may be easily verified that (', y/) = A,§;,i,j = 1,...,r Let

Se1={r:y €Yy Iyl <AMA) Iy = Zjtley/ and x = 2;:}‘}"‘1" then

2
n+1 '2 n+1 . n+1 n+1 .
> o =[] Z ¥ || =| 2 gxs 2 A’
=17 |, Jj=1 , L=t j=1

n+1

=2ﬁ¢>kJM@
J=

Thus the ball S, , is contained in @, and we conclude from Theorem 2.1 that
d,(A) > A\}/% (actually this may be argued directly because there is clearly a
y €985, such that y 1 X,). The reverse inequality is proven in the following
manner.
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d?(A) < sup inf |4x — y|?
2y < supint < — ]

M 2
~sol 8 2ol <1)
Jj=n+1
= An+l'
Thus we have proven Theorem 2.3.
Finally, we end this section by introducing some further notation and

results concerning totally positive matrices.
We will use the following notation for the minors of 4.

le e ‘%h

ipevesd . .

Al P =] . |=det(a,).

Jl""’jk . . l,m "
a“kjl . o0 aik/k

We shall also use the notation

y [ N A =A(il,...,i_,,i,,,,l,...,ik)
jl""’jk"l jl""’jk—l
and shall denote the jth column vector of 4 by a’. Recall that superscripts are
used to enumerate vectors while subscripts are used for a particular

component of a vector.
DEFINITION 2.1. 4 is said to be sign consistent of order k (SC,) if

PR A
@2) A(jb---,jk)Ok)O
forall 1< <+ <§p KN, 1<j;< - <ju,<Mando?=14is
said to be strict sign consistent of order k (SSC,), if (2.2) holds with strict
inequality.

DEFINITION 2.2. 4 is said to be totally positive of order n + 1 (TP, ,,) if 4
is SC, k=1,...,n+l, and o, =1, k=1,...,n+ 1. 4 is said to be
strictly totally positive of order n + 1 (STP,, ) if 4 is SSC,, k=1,...,n +
l,ando, = Lk=1,...,n+1.

DEFINITION 2.3. Let x = (x,, . . ., x;) be a real vector of / components

() $7(x) denotes the number of actual sign changes in the sequence
X15 « « + » X3, With zero terms discarded.

(i) S *(x) counts the maximum number of sign changes in the sequence
Xy5 + + + 5 X, Where zero terms are assigned values + 1 or — 1, arbitrarily.

For example,

S(-1,0,1,-1,0,—-1)=2, S*(-1,0,1, — 1,0, — 1) =4.
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THEOREM 24. If A is an N X M matrix which is STP,,,, and if x is a
nontrivial vector such that S ~(x) < n, then

(i) S *(4x) < $7(x);

(@ii) If S *(Ax) = S ~(x), then the first (and last) component of Ax (if zero,
then the sign given in determining S *(Ax)) agrees in sign with the first (and
last) nonzero component of x.

REMARK 2.1. The above theorem is to be found in Karlin [2, p. 223] in a
slightly different form. The proof of the above theorem is found in Karlin
and Pinkus [3].

3. The n-width of an aribtrary matrix. Let 4 be any real N X M matrix,
A = ||a;]|, and let
RNy =i 0 —_—
4,(4; R") = inf ol Jnf 4% = Yl
where X, denotes any n-dimensional linear space of N-vectors, x € RM and
|x]lo = max;|x;, be the n-width of the set @, = {Ax: ||x|l, < 1, x € RM}.
Whenever there is no ambiguity, we shall denote d,(4; R") by d,(4).

Let I={i=(...,04) 1<§{<:---<i, KN} and J={j=
Up-eosd)i 1 € jy < -+ <j, < M}.Boldface i or j will always be used to
denote vectors whose components are positive integers. Also, we shall denote
by {a’: j € j} the set of N-vectors {a’, ..., a*} and by =, @0’ we mean
k-1, a*, where j = (j;, . ..,j,). Generally, when we write j € j we will
interpret the n-tuple j as the set {j,, . . ., j,} and mean thatj € {j,,...,J,}
Otherwise j has its usual meaning as an ordered n-tuple.

We begin by defining two ancillary functions related to the n-width d,(4).
Let
3. =i i -

3.1 A(A4) lg’xuf | xsltp< ' ylélgr : [4% = ¥ |05
where Y, denotes any n-dimensional linear space spanned by n column vectors
of A. Thus, by definition, d,(4) < A,(4).

Let A(i), where i = (i}, ..., i,,,) € I, be the (n + 1) X M submatrix of 4

consisting of the n + 1 rows {i, ..., i,,,} of A. Define

(2) #a(A4) = maxX, (4 (D).

Thus p,(4) < A,(A).
If A has rank at most n, then p,(A4) = d,(4) = A\,(4) =0, so we shall
assume throughout this section that A has rank at least n + 1. Define

H = {j € J: the set {a’: j € j} is linearly independent )
and fori € I,
H(i) = {j € J: the set {a/(i): j €} is linearly independent }
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where a’/(i) is the restriction of the column vector a/ to the rows
{ip, ..., i,41). Thus @/(i) is the n + l-vector whose components are

4.4, ;. Also, we define
M . .
S A(zl,...,t,,H)
j-] jl"°':jmj

GG j) = , i€Ljel,

+1 . > .
nz A(’l""’ls""’ln*‘l)
s=1 .] I sjn
with the convention that if the denominator of the above expression is zero,

then G(i, j) = 0. (Note that if the denominator is zero, then so is the
numerator.)

PROPOSITION 3.1. If A has rank at least n + 1, then forn > 1,

(3.3) An(4) = min max G (i, ),
(34) Mn(A) = max ,Jin G (0, J)-

For n =0, po(A) = dy(4) = \(4) = max,Z¥ |a,|.

Proor. The case n = 0 follows by definition. For n > 1, the characteriza-
tion (3.4) of p,(A4) is a result of (3.3) and the definition (3.2) of ,(4). Thus, it
remains to prove (3.3). First note that from the definition of A,(4), (3.1), we
need only consider n linearly independent columns of A4.

Fix j € H and let x be any N-dimensional vector. It is well known, Singer
[9; p. 179], that the distance between x and the subspace spanned by {a’:
J € j} is given by

Y A
. . Gorv 0 Gide X
inf (x — ¥ aa/| = max
% JEj Ier . . » ,
EA ’I"“’:”"”n+l
s=] jl’ L ,j,,

(double vertical bars means that we are taking the absolute value of the
determinant). Furthermore, if the above maximum is achieved at i=
(i}s « + + 5 ip4y) and the columns {a’: j € j} form a Haar system (that is, the
matrix lagll,i=1,2,...,N,j=j,...,J,is SC,), then the minimum error
equioscillates on {i}, ..., i,,,} (cf. Singer [9, p. 183] and Definition 4.1 for
the meaning of the phrase “equioscillates on {i,, . . ., i,,,}”).

Thus, by a multilinear expansion of the last column of the numerator,
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Mo (i
IE I

. Jj=1 jla '~°$jmj
(35) inf|ldx — X aa/| =max
% J€J ier 4 . s .
S laffee ot
s=1 j], "°’jn

For any choice of i € I, the supremum of (3.5) over ||x|, < 1 is obviously
achieved by choosing

PR A .
3.6 x; =sgnA| . . e, &j,
(3.6) i gl(h“.”hd) JE&j

62 = 1, where i}y +..,i,,, are the rows which yield the maximum of the
expression in (3.5). Therefore,

3.7 sup inflldx — D aa’]| = maxG(i, j).
G hlo<t ¥ g%’ o 11 )

The identity (3.3) now follows from (3.7) and the definition (3.1) of A,(4).
The proof is completed.

Proposition 3.1 leads us to

PRrROPOSITION 3.2. If A is an (n + 1) X M real matrix of rank n + 1, then
Pa(A4) = A (A) = d,(4).

Proor. Since 4 has n + 1 rows we may conclude from our definitions that
B, (4) = \,(4) > d,(4). But & = {Ax: ||x|l, <1} C R"*! and so the
hypothesis of Lemma 2.1 is satisfied. Hence d,(4) = inf{||Ax||,: Ax €0 &}
where 9 @, denotes the boundary of &,.

Our problem is thus one of determining 9 &,. To this end let us assume
without loss of generality, that each set of n + 1 columns of A4 is linearly
independent. For each j € J, let

L...,n+1
x,=sgnAdAl . ), i &£ j,
5= %8 (Jpnwhd) JE]
and consider the n-dimensional hyperplanes
(3.8) Jaa = ( > xjaf), (%,...,@) €ER"
JEJ €}

Then,

LeEMMA 3.1. Each hyperplane of the form (3.8) contains an n-dimensional face
of @y, and each n-dimensional face of @, is contained in a hyperplane of the
Jorm (3.8) for some j € J.

REMARK 3.1. According to Lemma 3.1 the faces of @, are the restrictions of
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the hyperplanes (3.8) to the cube |o;| < 1,/ € j.

PRrOOF. Let j € J be fixed and choose a nonzero n + 1-dimensional vector
y such that (y,a’) =0, j €j. Since y # 0, and by assumption each set of
n+1 columns of A is linearly independent, (y,a’) #0, j & j. Now,
max{(y, Ax): ||x||, < 1} is achieved by vectors on the boundary of @ and

(39) (7, 4%) = 2 (. @)%, < 2 |(9, )|
JEj JE)

The maximum in (3.9) is achieved by taking x; = sgn(y, a’), j & §, while the
components ;. / € j, may be chosen arbitrarily, under the restriction |x;| < 1,
J € j. Thus, the vectors x which maximize (y, Ax) form an n-dimensional
face of &, and any n-dimensional face of &, may be determined in this
manner. Moreover, since (y, a’) =0, j € j, y is determined up to a nonzero
constant. In fact, it is easily seen that

y,-=dA(1"".’i’”".n+l)(—l)i

Jeoesn
where d is some nonzero constant. Forj £ j,
" "1 Hooon+1 i
(y,af)=2y,.a,.j=rd2A(’”‘.’""’. )(—l)ay
i=1 i=1 Jveeadn
=d(—1)"+‘A(1’.“"".+.1).
Jis e esns]
Thus
L...,n+1
x,=sgnA{ """ o, j&j,or=1.
J gn (jl’-o').lm.] )o Jej ¢

This proves our lemma.

REMARK 3.2. A similar argument shows that each of the points 3 je ,ajaf +
2, ey%;a’ where |a;| = 1, for all j € j is an extreme point of @,
Now, returning to the proof of Proposition 3.2 we see from Lemma 3.1 that

d,(4) = inf{||dx|: Ax €3}

= inf < Lj€jjed

0

2 aa x ( > xjaf)
JE} J€&}

where x; is defined by (3.6). Thus, according to Proposition 3.1,

Zajaft(ZxJ.aj)

:ajeR,jej,jEJ < d,(A).
JEJ J€j

A (d) = inf{

0
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We have already observed, by the definition of A,(A4), that A,(4) > d,(A4)
and therefore p,(4) = d,(4) = A,(4). Thus the proof of Proposition 3.2 is
complete.

Another application of Lemma 2.1 gives us the following result.

PROPOSITION 3.3. If A is an N X (n + 1) real matrix of rank n + 1 then
d,(4) = \,(A).

PROOF. Since 4 is an N X (n + 1) real matrix of rank n + 1, the boundary
of @, is characterized by 9 &, = {Ax: || x||, = 1} and @, is a subset of an
n + 1-dimensional subspace X, ., spanned by the column vectors of 4. From
Theorem 2.2 and Lemma 2.1,

d,(A) = d,(4; X,,,) = inf{||4x| : |¥]|, = 1}-

Let d,(A) = ||Ax%|, ||x%|, = 1, then there exists an i, 1 < i < n + 1, such
that |x;| = 1. Furthermore, from Lemma 2.1 we see that the n-dimensional
subspace spanned by the columns {al,...,a’"!,a’*! ..., a"*'} is an
optimal subspace and

d,(4) = inf [la' = ¥ aja’
loyl <1 J*i ©
By definition,
= . . i_ ) Jj
WA= ol g 2
-]

Thus A,(4) < d,(4). However we also know that 4,(4) < A,(4) by the
definition (3.1) of A,(4). Thus Proposition 3.3 is proven.

On the basis of Propositions 3.2 and 3.3 it seems plausible to conjecture
that p,(4) = d,(4) = A\,(4) for any matrix 4. In the next section, we will
prove that this is the case for the class of totally positive matrices. However,
in general this is not true as the following examples demonstrate.

ExaMPLE 1. When
1 1 1
A =1 - l 1 l )
1 -1 1

a simple computation shows that p,(4) = 1, while A,(4) = d,(4) = 2.
ExAMPLE 2. If
1 -1 0
1 0 -1

0 1 1

then p,(B) = d,(B) = 1 and A|(B) = 2. (Note that B = 24~"))
In general, we have the following result.

B=
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THEOREM 3.1. If A is any N X M real matrix then

PRrOOF. We have already observed that if 4 has rank less than or equal to n,
the above inequalities are equalities. Hence we assume A has rank at least
n + 1. The right-hand inequality in (3.10) follows from the definitions of
A,(4) and d,(4). To prove that ,(4) < d,(A4), we appeal to Proposition 3.2
which tells us that

maxd, (4 (1) = max\,(4() = p,(4).

The last equation follows from the definition (3.2) of p,(4). Moreover, it is
easily seen, by definition, that d,(A4(i)) < d,(A) for all choices of i € I. Thus
p,(A) € d,(A4) and the proof is complete.

Before we turn to the proof that p,(4) = d,(4) = A,(A) for strictly totally
positive matrices, we note the following corollary of Proposition 3.1.

ProPosITION 34. If A is an N X N nonsingular matrix, then
AN ApypiA™ HY=1Ln=0,1,..., N-1.
Proor. First, let us recall that

A -l(";i,’ tee ;?;V—k)(_l)zf-n(lﬁ'mi)
| EXCECIRIN Ty 3

’

(3.11) A( A )=

m.,...,mk detA"

where /; < - -+ </} and /f <. - < I,_, are complementary sets of in-
dices in {1,...,N} asare m; <--- <m and m; < -+ < mjy_,. We
shall assume, without loss of generality, that all n X n and (n + 1) X (n+1
minors of 4 are nonzero. Thusfor1 < n < N - 2,

N A(i,,...,i,,“)
jat| \Jvee s

A(4)=  min max
1€H< - <p&NIQI< - <ip1 SN 1y . s .
2 A LTI SN A
s=] j]’-'-’jn
N-n o ) .
S 4 Jisevesdi s ien
sl B o v esiy_noy

min max
IA< - <jp&NIQi< ++» Qi1 KN pt]

2

s=1]

A_.( I .

*’ s’ .
/PR R A
5

(e )
P A S

PR TR R
i,

min max
|<j|<"'<j,.<Nl<i|<"'<i,.H<N N—n

2

o
s=1 SR /-
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where {jj;}¥Z7 is the set of complementary (ordered) indices to { i }%., and
{iz}¥z1! is the set of complementary (ordered) indices to {i}}%} in
{1,..., N}. From (3.11), it follows that
A) = min max
}‘"( ) 1<Ji< + <h-n<NI1KH<++ <ijy_po1 <N

-1

N o o
2 A-] Jis e sJN-n )
. . .
= i eeesiyop—nd
N-n * o >
>4t jl""!.’s""’JN—n)
> >’
s=1 hiyeoosin—n-1

= (Pw-n—l (4 _l))-l'

The cases n =0, N — 1 are even simpler and may be easily proven as
above. Alternatively, po(4) = Ay(4) = dy(4), by definition, and Ay_,(4) =
py-1(4) = dy_,(4) by Proposition 3.2 while from Lemma 2.2
doA)dy_ (A1) = 1.

4. The n-width of totally positive matrices. In this section we shall assume
that 4 = ||a;]| isan N X M STP,,, matrix.

DEFINITION 4.1. Given 0=y <j; <+ <j, <j,q1=M+1, and a
vector x € R™, we will say that x alternates between jj, . . . , i, provided that
there exists a sign 0, 62 =1, such that x, = (=)o, j_, <1<, i=
1,2,...,n+ 1. (Note that if x alternates between j,, . . ., j, no requirement
is placed on the components x;, . . . , X; )

Also, we will use the terminology that a vector y € R¥ equioscillates on
iy ovusbyypy 1 <4 <+ <y < N, if there exists a sign o, 6> = 1, such
thaty, = o(= 1|yl /= 1,..., 0 + L.

Let us introduce some further notation. Recall that, according to Proposi-
tion 3.1,

4.1 A, (4) = mi i, j).
@.n a(4) tn max G (i, j)
For any j € J, we define
sup inflldx — D a@/]| =inf[dx} — D a0’
bello<r ¥ jei’ CH =

“4.2)
=|dxf — X ara’
J€ij

o0



ON n-WIDTHS IN L™ 151

and

@3) (x)_{(x,*),—a,*, ifl=j,k=12...,n,
I

(), 1€ij.

Let 0=, ...,i% ). =0 ...,/9 denote the rows and columns,
respectively, for which (4.1) is attained and, in addition, denote the vector xp
by x°.

Since 4 is STP, , ,, the proof in Proposition 3.1 (see (3.6) and the preceding
remarks) shows that

(i) x; alternates between jy, . . . , ji,, and
“4 (ii) Ax, equioscillates on some n + 1 components.
In particular, Axa equioscillates on iJ, . . ., i%, . Finally, according to our
definitions,

4.5) 4%, <||4%)]| ., forallj € J.

THEOREM 4.1. Let A be a strictly totally positive matrix of order n + 1 and
0 < n < min(N, M). Then

(@) pn(4) = d,(4) = A, (A).
Furthermore,

(i) The linear space X spanned by the columns {a’: j € {°} is an optimal
subspace for the n-width d,(A).

(iii) The vector x° defined above alternates between j3, . . . , j% Ax° equioscil-
latesoni?, ..., i% and ||x%, = 1.

Since the second assertion of Theorem 4.1 follows from (i), and the first
two statements of (iii) are a result of (4.4), it remains for us to prove (i) and

[|x°]|, = 1. We will prove these facts in a series of lemmas.
We begin with

Lemma 4.1. ||x%)|, = 1.

Proor. For any j € J, the definition of x; implies || x|, > 1, and S7(x)
< n by (4.4). However, from (4.4), and by the definition of equioscillation we
have S*(A4x)) > n. Therefore, applying Theorem 2.4, we obtain S *(4x) =
S 7(x) = nforall j € J. Theorem 2.4, (i) tells us that the sign patterns of the
vectors Ax; and x; agree. Multiplying x; by — 1, if necessary, we assume that
the sign pattern of x; begins with a plus. Thus sgn(x), = (= 1) i <iI<
Jpi=L...,n+1,j,=0,j,,,=M+1.

Our object is to show that |[(x%)| < Lk =1,...,n.

First, let us suppose that jQ > k. Let / be the largest integer less than j?
such that /# % i=1,2,...,k — 1. Define j=(j,...,Jj,) where
{Jv» -+ »J} is the set of indices {jO, ..., 0 1,21 ...,j% I} rearranged in
increasing order. Due to our convention of arranging for the sign of the first
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component of x; to be positive we have (x)p = (- D~ Now, consider the
vector Ax; — Ax® = A(x; — x°). If x; — x° =0 then |(x0),] = 1. If x; — x°
# 0 then from (4.5) and the fact that Ax; equioscillates on some 7 + 1 rows,
i1y« + v sbpy1s S*(Ax;— Ax% > n. Since x; — x° has, by construction, at
most n + 1 nonzero components, that is, the components corresponding to
the columns j, . . ., j7, I we conclude that S ~(x; — x° < n. From Theorem
24, S*(A(x; — x%) = S~(x; — x°) = n and the sign patterns must agree.

Since 4 is STP,,;, A(x;— x% cannot have n + 1 zero components.
Because the sign pattern in §*(4x)) begins with a plus, and 14x%,, <
[l 4|, it follows that the sign pattern in S *(4 (x; - x%) begins with a plus.
Applying Theorem 2.4 (i), we see that sgn((x) — (x9,) = (—1)*. Since
(%2 = (= 1)* we conclude that 1 > (x%o(—1)*. Similarly, if jQ < M — n +
k, we let I be the smallest integer greater than j such that /%, i =k +
1,...,n, then as before, we may show that 1 > (xo)jg(—l)"”. Hence, if
both j2 > k and j? < M — n + k we obtain the desired conclusion that
I(xo)jfl < 1'

In the case that j{ = k we havej? = i,i = 1,...,k — 1 and thus sgn(x%
= (= 1)**!, However, n < M, which implies j < M — n + k. Thus by our
above remarks |(x%),| = (=1)**'(x%, < 1. Similarly, if j=M —n+k
then ji{ > k and |(x%,| = (—1)*(x%), < 1. Thus in all cases we arrive at the
desired conclusion.

LemMMA 4.2.d,(4) = A,(A).

PRrOOF. Since S ~(x% = n and due to the orientation given x°, there exists
(oo L) 0=l <L, <+ <l <l =M,suchthatif fp_, < i<l
then sgn(x%, = (—1*"! or zero, k=1,...,n+ 1, and for each k =
1,...,n+ 1 there exists at least one i, /,_, < i < I, such that sgn(x%, =
(_ l)k_l.

Let b* =k, ,\|(x9la’, k=1,...,n+ 1, and denote by B the N X
(n + 1) matrix composed of the columns b',...,5"*!. Then B is STP,,,.
Set

n+1 n+1
Uy =1 2 aub: | 2 ab| <A (At
k=1 k=1 ©

We shall show that U, , C @, where as before @, = {4x: ||x|, < 1}. This
inclusion in turn implies, by Theorem 2.1, that A,(4) < d,(4), proving the
lemma. By the construction of the vectors b', ..., b"*! and Lemma 4.1 it is
sufficient to prove that S7tla,b* € U,,, implies |a| < L, k=1,...,n+
L.

Assume to the contrary that there exists 23+\a,b* € U,,, for which
max;|a,| = ¢ > 1. Now, Ax® = %! (—1)*~'b* and therefore there exists an
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i, 1 < i< n+1,such that o;/c = (—1)"'o, where v? = 1. Since A,(4) =
|4x%|,, Ax° equioscillates n + 1 times on %, ..., %, and

cI=ntlab¥||,, < A,(A), we conclude that
n+1 n+1 o
S |e 3 (=) =3 —b*|>n.
k=1 k=1 €
Moreover, S ~({o(—1)*"! — @, /c}) < n — 1, since the ith component of the
vector vanishes. A contradiction now follows from Theorem 2.4. Thus U, ,

C @, and the proof is complete.
Finally with our next lemma we finish the proof of Theorem 4.1.

LemMA 4.3.d,(4) = p,(A).

. ProoF. The proof depends on the following observation. Given any x €
RM which alternates between some n components, then

(4.6) 4%, < max |(4x),|.
iepP

Assume, to the contrary, that there exists a vector x which alternates between
some n components and |[(4x),| < ||4x°|., i € i°. Then for any sufficiently
small § >0, S™(4x° = (1 + 8)4Ax) > n because Ax® equioscillates on i°.
Moreover, S ~(x° = (1 + 8)x) < n, since x alternates between some n com-
ponents. Thus Theorem 2.4 implies that S~ (x° + (1 + §)x) = n and the
components of the vector *=(1 + §)x have a fixed sign orientation de-
termined by the vector Ax°. This contradiction implies that (4.6) is valid.
Now, to complete the proof we note that for any j, there exists a vector x,

which alternates between j, . . ., j, such that
max |(4Ax;) |= sup inf max (Ax -> a.aj) .
i€t ()] et ¥ i€l =N i

This follows from (4.2) and (4.4) when applied to the (n + 1) X M matrix
A(i%. Hence by the definitions of A,(4(i%) and p,(4) we have

d,(A4) = |4x°) o < A, (4() < p,(A).

We conclude from Theorem 3.1 that d,(4) = p,(4). This is our desired
conclusion.

The following result is closely related to the above lemma and is proven in
a similar manner.

PROPOSITION 4.1. If A is an N X M STP, | matrix and if x is any vector
such that ||x||,, < 1, and (4x), (=1)'6 > 0,k =1,...,n+ 1, where 0> = 1
Jor somen + 1rows,i=(i},...,0,, ), 1<iy<-++ <i,, <N,then

min |(4x), <457
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The following two quantities are closely related to the n-width of @,
4.7 Y.(4) = inf  sup |[4x — Bx||

rank B=1 lx] <1
where B is an N X M matrix, and
4.8) d"(A)=d" (&) = 1 inf sup 17l oo
e

seeese” (y,el)=0,i=1,...,n
YEG&

The first quantity is the error in the best approximation to A4, relative to the
induced matrix norm, by rank » matrices, while d"(4) is the n-width of &; in
the sense of Gel'fand (the infimum in (4.8) is taken over all sets of n vectors
in RM).

Given any vectors e, . . ., e” in R", let U, ., be the n + 1-dimensional ball
defined in Lemma 4.2. Then there exists ay € U, ., with ||y||,, = d,(4) and
(y,e)=0,i=1,...,n This is a consequence of the fact that any n»
homogeneous linear equations in n + 1 unknowns always have a nonzero
solution. Hence we conclude from Theorem 4.1 that d,(4) < d"(4). Also, by
definition we have d,(4) < v,(4). We claim that

d"(4) = v,(4) = d,(4).
This conclusion will follow from our next lemma.

In preparation for this lemma let us observe that since S*(4x% =
S~ (Ax%) = S ~(x% = n then (4x%,(4x%, #* 0 and if (4x%, =0, 1< i<
N, then (4x%),_,(4x%;,, < 0. Furthermore, at the ith sign change (S* or
ST)of Ax% i=1,...,n, one of two possibilities occurs. Either

(@) (4x°),, (4x%; 4, < 0, or
(®) (4x%, =0, and (4x°%), _1(4x9; 4, <O,

where 1< k; <--- <k, <N.
Foreachi,i=1,...,n, we define an N-dimensional vector e’ as follows.
If (a) holds, let

) 0y |~! =
()= [ (Ax) ™ I=kok +1,
0, otherwise.
If (b) arises let (¢'), = §,,, /=1,..., N. Thus in either case (4x° ') =0,
i=1...,n
Now, we define an M X M matrix P by the condition that for any

X € RM the vector y = Px has the property

(x—Px,ATe')=0, i=1,...,n,
and

(Px)=0, 1&{j}....;0)
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Px exists, since otherwise there is a nonzero vector y € R™ such that
(Ay, ey =(y,ATe’)=0,i=1,...,n,and y, =0, 1 & {7, ...,/°}. From
the equations, (4y, e) = 0,i =1, ..., n, it follows that S *(4y) > n. But the
vector y has at most n nonzero components and thus we conclude that
S7(y) € n— 1. Now, we may apply Theorem 2.4 and arrive at a contra-
diction.

Let B = AP and note that Bis an N X M matrix of rank n whose column
space is spanned by the set of vectors {a’: j € |°}.

LEMMA 4.4. |(Ax — Bx),| < |[(Ax%,,i=1,2,..., N, for | x|, < 1.

ProOOF. We prove this lemma by contradiction. Suppose there is an i such
that |(4x — Bx),| > |(4x9),].

Let d = (4x%),/(Ax — Bx),, then the ith component of the vector z =
d(Ax — Bx) — Ax" is zero. Also, (4x°); # 0, otherwise, by the definition of
the vector e and the fact that (4x — Bx,e’)=0,/=1,..., n, we conclude
that (Ax — Bx); = 0. This contradicts our assumption that |(4x — Bx),| >
|(4x°),|. Since (z, &) =0, =1, ..., n, we conclude that S*(z) > n + 1, as
before. However,

S*(z)< S (d(x—-Px)—x"<n
This contradiction proves the lemma.

THEOREM 4.2. If A isan N X M STP, , , matrix then

dn(A) = dn (A) = Yn(A)'

PrOOF. According to Lemma 4.4, y,(4) < [|4xY, = d,(4). Also, if
(Ax,e")=0, i=1,...,n, then Px =0. Therefore Lemma 4.4 implies
lAx||l o < [|AX%os if ||X|le < 1. Thus d"(4) < d,(A). Since we already ob-
served that d,(4) < v,(4) and d,(4) < d"(A) the theorem is proven.

REMARK 4.1 By a variation on the method used in Lemma 4.3, it may be
proven that for 4 STP,, ,, if x alternates between some n components, and
x # x% then ||Ax|, > ||4x°|,. Thus we conclude that the vector x° is
unique. However, this fact does not imply the uniqueness of the n optimal

columns j?, .. ., % Nonuniqueness may occur only if |(x°)12| =1 for some
k=1,...,n

5. Some extensions. In this section we include some useful extensions of our
results of §4.

We begin by observing that the maximum norm of a vector is unchanged
by permuting any of its components or multiplying them by *1. Thus
Theorem 4.1, parts (i), (ii) and an appropriate formulation of (iii), remains
valid for any matrix 4 which after row and column interchange and/or
multiplication by +11is STP,,.
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An important example of matrices of this form are inverses of STP
matrices. If 4 is an N X N STP,, matrix, then it follows from (3.11) that if
A" = ||b|l, then the matrix B = ||b;(—1)'*/|| is STPy. As a result of this
observation we have

COROLLARY 5.1. If A is an N X N STP,, matrix, then d,(A)dy_,_(A~") =
Ln=01...,N—-1.

ProOF. From Proposition 3.4, A,(4A) py_ (A N =1,n=0,1,...,N -
1, for any N X N nonsingular matrix. For an STP, matrix we have from
Theorem 4.1 that A,(4) = d,(4) and p,(4 ") = d,(4~"). Thus we obtain the
desired conclusion.

LetAbean N X M STP,,, matrix. For any r, 0 < r < M, we define

@ ={Ax:|x|< Li=r+1,...,M}.
Our objective is to extend the results of §4 to the set &,. We begin with

ProposITION 5.1. If n < r then d,(@,) =o0. If n > r and if X, is an
n-dimensional subspace of R™ such that sup,eq inf.cx ||y — x|| < co then
{d\,...,a"} C X,

PROOF. Suppose n < r and X, is any n-dimensional subspace of R”. Since
the vectors al,...,a""! are linearly independent there exists a vector
y=Ax=3t1xa’ such that inf,cy |y — x|, = 1. But Ay € &, for all
A > 0. Thus d,(@,) > A and we conclude that d,(&,) = .

Similarly, if n > r and sup,cginf,ex [y — X/l = d < o0 then, for all

A>0,
i Jj — P =
}\xlgfn"a Xo<d J=1...,rm

Therefore {a', ..., a"} C X,, as asserted in the proposition.

Let us now modify the definitions in §4 so that they apply to the set @,.

We will use the notation 7,x = (0,...,0, x4y, ..., X), d,,(4) = d,(&,)
and d""(4) = d"(@,). With this notation &, = {4x: ||7,x|,, < 1}.

The quantity A, ,(4) is defined by (3.1) where we replace the condition
Ixlle < 1 by the weaker requirement ||7,x||,, < 1. p,,(4) is defined to be
maxe /A, (4(i)) and v,,(4) is defined by (4.7) where again the condition
lx]l < 1is replaced by ||7,x||,, < 1.

Also, we define for any set of integers {j,.1...,/,}, 7+ 1< Jj4
<-:: - <j,<Mthevectorj, =(l,...,7/,415---5J,) Let

0=@...,0%) 1<f{<--- <%, <N,
and

j2=(1,--',r’.]?+l""’j'?)
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denote the rows and columns, respectively, for which min ¢ ,max;;G(, j,) is
achieved.

THEOREM 5.1. Let A be an N X M STP,,, matrix with r < n <
min(N, M). Then

(l) p‘n,r(A) = maxlelminj,EJG(i’ jr)’ An,r(A) = minj,elmaxielG(i’ jr)'

@) d,,(4) = d™(4) = v,,(4) = p, (4) = A, (A).

(3) A best n-dimensional linear subpsace for the width d, ,(A) is attained by
the subspace spanned by the columns {a’: j € j°}.

4) d,,(A) = || Ax°||,,, where Ax° is a vector which equioscillates on i, . . .,

i%, |, m,x° alternates between j°, ,, . . ., j% and ||m,x%||, = 1.

The proof of Theorem 5.1 is similar to the proof of Theorem 4.1 since the
first » components of the vector x° will not interfere with our previous sign
change arguments.

In addition to Theorem 5.1 we also know as in the proof of Theorem 4.1 the
following facts about the vector x°

@S~ (Ax%) = S*(Ax% = S~ (x% = n.

(b) |4x°%|,, < Max;cp|(4x),], for any vector x € R for which =,x alter-
nates between some n — r components.

(¢) min,¢,|(4x),| < ||4x%|,, for any vector x € R such that ||7,x||,, < 1
and (Ax),.k(— Yo >0,k=1,...,n+ 1, where 0 = 1 for some n + 1 rows
iy e sy 1 <0< o s <ipyy < N.

(d) Let €', ..., e" be vectors constructed from Ax? as before. Also, we
define an M X M matrix P, by the condition that for any x € RM

(x = Px,4%')=0, i=1,...,n

and (P,x), =0,/ & j°. Let B, = AP,. Then
|(4x — B.x)|<|(4x%), i=1...,N,
for any x € RM with ||7,x||, < 1.
The class of STP matrices is frequently too small to include many im-
portant applications of Theorem 5.1. Below we give an extension of part of

Theorem 5.1 which is valid for TP matrices. §7 contains a thorough discus-
sion of the continuous analogue of Theorem 5.2 for TP kernels.

THEOREM 5.2. Let A be an N X M TP, ., matrix of rank at least n + 1 such
that any n columns of A are linearly independent and r < n < min(N, M).
Then there exists a vector x° € RM such that 7,x° alternates between some
n—r cqumns Jf-!—h LA ’j,?’ r+ 1 < j?+l < <jr? < M, "Wr‘xolloo = l
and Ax° equioscillates on some n + 1 rows.

Furthermore, for any vector x° with these properties we have d,,(A) =
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|Ax°||, and an optimal subspace for the set @, is spanned by the vectors {a’:
JERLR =0, ....ni%0n. 00

PRrOOF. The existence of a vector x° with the above properties follows from
Theorem 5.1 by the following argument.

Since 4 is TP,,, and of rank at least n + 1 there exists a sequence of
N X M STP,, matrices {4,: ¢t > 0} such that 4, —» A as ¢t - c0. According
to Theorem 5.1 there exists x(#) € RM such that 4,x%(¢) equioscillates on
some n + 1 rows i9(2), ..., % (0, |7.x°()|l, =1 and 7,x°(¢) alternates
between j2, ,(8), . . ., J%, r + 1 < j% () < - - - <j%#) < M. There exists
a subsequence (%}, #, > oo, such that i%(z) =i’ I=1,...,n+ 1,j%t) =
Al=r+1,...,n55=12,....

Thus

6D (42°1)= D4, s=12....501=L...,n+1
We claim that the sequence
d=x{(1)] + - - - +[]x2(0)| +[4,x°@)|,, s=L2...,

is bounded. For, if 4, — co we may divide both sides of (5.1) by d,. Then after
passing through a subsequence, if necessary, we conclude that there exists
numbers yy, . . ., ¥,4 1, 2ix1|yi| = 1 such thaty,,; > 0 and

r
(52) (zyjaf) =(-Dy.p I=L...,n+1,
i

Jj=1 ;

(5.3) < Yo €W

r
(£)
Jj=1 i
If y, 1 # O then from (5.2) we conclude that S~ (27, yjaf) > n. However, 4
is TP, and we know that S~ (Zj.,y,¢) <r—1<n—1.Thus y,,, =0
and we conclude that 37_, yjaf = 0. Since al,...,a" are assumed to be
linearly independent we conclude that y, = - - - = y, = 0 which is a contra-
diction.

Now that we know that sup,d, < oo we may easily pass to the limit in (5.1),
perhaps through a subsequence, and conclude that there exists a vector x°
with the properties demanded by the theorem.

Thus it remains to prove that for any such vector x° we have d, (A)=
|Ax%|| .. The proof of this fact is very similar to the proofs given in §4, so we
will be brief.

From the discussion in Proposition 3.1 we may easily conclude that

sup infllAx — ¥ a0’/

=|l4x° .
Imxllo<t & et 4%l

0
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Thus d, ,(4) < ||4x%|. To prove the reverse inequality we follow the proof
of Lemma 4.2. We define the vectors b, ..., b"*! as in Lemma 4.2 and note
thatsince , = i,i=1,...,r, b*isamultipleof a¥, k = 1,..., r. Now, it is
an easy matter to prove that if |[Z%t!a, 6%, < [|[4x%,, then |a| <1,
k=r+1,...,n From this conclusion it follows that the ball U, ,, defined
in the proof of Lemma 4.2, is contained in &,. Hence by Theorem 2.1
d,,(A) > ||Ax"| . This inequality proves the theorem.

6. Some examples. Let 4 = ||| be the N X N matrix defined by a; = 1,
i<j,a;=0,i>j. Thus 4 is the lower triangular matrix with 1’s on and
below the diagonal and is clearly TP,,.

Let [x] denote the greatest integer less than or equal to x. Then

PROPOSITION 6.1.

d,,(A)=%(N—[N(2n-l)+2n D n=01,...,N,

2n+1

and the columns a’, . . ., a’ are optimal if and only if
I=WN=j)l-3)+tet - +e,

6.1
6.1 I=12,...,n forsome {ei}:-l’
where
{0’ %90"1’ i=l’
g =
Oorl, i=2...,n
and

[ NQ@n—1)+2n
f"‘[ 2n + 1

Proor. Let x® be the N-dimensional vector, x°=(1,1,...,1,0, — 1,
»—1,0,1,...,1,0,...) where the zeros occur at the components
Jis oo sne

Also,letjo—OJ,,+,—N+l-y, —Ji-pi=l...,n+1,and B =
(=Y =D, i=1,...,n+ l Then (Ax%);,_ = (4x%), = B, k =
..., nand (Ax%)y = B,,,.

Also by their definition, 0< 8, > B, < B; > B,,..., the difference
between consecutive components of 4x? is at most one and the components
of Ax® are monotonically increasing or decreasing between the j, and j,,
components.

Let {a;}7.., satisfy
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i
B—Ja=(-D""N i=1...,n
Jj=1
n
Bas1— jzl a; = (- 1)”+2}"

Then, from Theorem 5.2, A = d,(4) if
@legl<Lj=1...,n,
® |8 -Zitlal <Ni=1,...,n

62)

Now, from (6.2),
at=(‘1)1+l(Yg—l“2>\), i=2,...,n,
(63) =1 —1-A
A= (N -j)/2

Thus (a) is equivalent to
I‘Y,-l—z}\l(l, i=2,...,n,

@ -1-X<1,
while (b) implies
\ vZ—=1=AIKA i=2,...,n
®) ! Y- l| <A
From (a’) and (b’) it follows
@@" N—j,<vu<N-j,+1, i=2...,n,
®") (N=i)/2<n <(N=-j)/2+1.
Since 2.y, = J,,, we have
N@2n-1) NQ@2n—-1)+2n
Al SRS T
or equivalently
) N@2n—-1)+2n
n =[ 2n + 1 }
From (6.3)

1 N@2n-1)+2n
dn(“’)="=5(”"[ I+ 1 ])

n=20,1,..., N, and any columns satisfying (a”’) and (b"’) are optimal. These
inequalities are easily seen to be equivalent to (6.1). Thus the proof is
complete.

Let us now consider the following problem. Given N fixed points, 0 < ¢,
< -+ <ty <1, we wish to “store” the values of one or more functions
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computed at the points ¢,, .. ., ty. We are allowed only n storage locations
where n << N, but we have some assurance that the rth (r < n) consecutive
divided differences of the computed data are bounded by some constant
which we normalize to one. Then the n-width of the set

B = {(f(t)s-+ s SO |f(ts oo s tiy)| < Li=1,...,N—r}

will give us an estimate of the minimum intrinsic error in storing the data.
As a corollary to Theorem 5.2 we have the following result.

THEOREM 6.1. d,(B) = max, ;cn|fo(4)|, where the vector
(foty), - - -, foty)) equioscillates on some n + 1 components and the vector

Foltys + - o s tos ) foltas o+ o5 tosds o oo s Joltyrs « -+ » ty)) alternates between
some n — r columns.

ProOF. The proof of this theorem consists of showing that the set B may
be expressed as @, for some totally positive matrix. We begin with the
identity

fay) (om0 00 e o [ St |
.I h=t L=t 0 - 0 St 1)
t ’ ' . .
f(ty) L=ty L1 Iy = Iv- Lf(tzv-l’ tN)‘

where we choose any #, < ¢, and set f(#)) = 0. Let us denote the above
N X N matrix by B(t, . . ., ty). Then it easily follows by induction on r that

N
f(t) = ZIA,,J(t_H,,...,t,.), i=1...,N,
J-

where A = B(ty, ..., t\)B(t .. sty B oy -5ty t_,
<:+-<tyand f(t_,)="--- = f(t,) = 0. Since B(¢, ..., ¢, y) is totally
positive, i =0, — 1,..., — r + 1, (it is just a column scaling of the matrix
which appears in Proposition 6.1), it follows that A4 is totally positive. If we
define the vector x = (x4, ..., xp), X; = f(t_,4po-- > ), i=1,..., N, then
B = {Ax: ||7,x|, < 1}. Hence Theorem 6.1 follows from Theorem 5.2.

7. n-widths in L>[0, 1]. Let X = L®[0, 1] and |h||,, = ess sup{|h(x)[:
0 < x < 1}. Suppose k(?), . . ., k,(f) are continuous functions on [0, 1] and
K (t, s) is jointly continuous for ¢, s € [0, 1].

We define the subset of continuous functions

X, = [ é x;k;(1) +j(;|K(t, s)h(s)ds: (xp, ..., X,) € R, |h||,, < l}.

=1
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We will assume throughout this section that form > 0,0< k< r, 0< s,
<+ <5, £, 0, <<t <L, 1< <+ <&, the
determinant

K | A )
tl""’tk’ tk+l”"’tm+k
ki,(’l) e ki,(tm+k)

1) : :
k@) o K (fmes)
K(ty,s)) -+ K(twew $1)

K(tysm) ¢ K(lpirs Sm)

is nonnegative. In addition to this hypothesis we also require the following
assumptions to hold.
The sets of functions

(72) {ka(t)s oo K (0, K (6 51), -+ o, K (5 50))

are linearly independent on [0, 1], for any 0< 5, < -+ - <5, <1, m=
L2....

(7.3) Forany0<# <--- <4 <1, det ()| > o.
ij=1,...,r
Thus our assumptions on I, consist of the essential total positivity

assumption (7.1) and, in addition, we require the linear independence
hypotheses (7.2) and (7.3).

LEMMA 7.1. For any constants a;,...,a, 0=5,< 5, <+ <s,_, <
Sy—r+1 = 1, the function

g(t)=éla,-k,(z)+§;(-—1)’ f’f“K(z,y)ay+ i oK(t,s;_,)
Jj= 9

J= Jj=r+1
has at most n distinct zeros in (0, 1).

PROOF. Suppose to the contrary that g(f) has n + 1 distinct zeros ¢ =
Z}y o vy Zy4q in (0, 1). We introduce the functions

ce32p Zpp

_ L...,rny . _
vl(y)_K(zl’. )’ l—l,...,n r+l.

By Sylvester’s determinant identity we have
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Ko 167)]

n—r
— ],...,r 1""9r9y|,"°,yn-r+l
- (K(zls"',zr)) K(Z,,...,Z,, Z’+|,...,z"+l :
Hence by our hypotheses (7.2) and (7.3) the set {v)(x),...;0,_,41(X)} isa

weak Chebyshcv system on [0, 1]. Moreover, from the equations g(z,) = 0,
i=1.2...,n+1,itfollows that

T (- Y [*o ) & + S anfs-)=0

Jj=0 J=r+1

ij=1,

(74
a4 i=1...,n—r+1

We arrive at a contradiction, as in [7], by constructing a nontrivial function
o(y) = Zy2{*! Bo(y) such that o(YX-1Y > 0,5 < y < 54y j =
0,1,...,n— r.From (7.4) we obtain [}|o(y)| dy = 0 which is impossible.

THEOREM 7.1. Given any n > r, there exists a function of the form
r n—r
Po(t) = 3 k(1) + 3 (=1) [k (1, 5) ds
J=1 j=0 $

with 0=§<§ <---<§_,<§_,.1=1 which equioscillates on n + 1
points of [0, 1],

Po(e) = (1Y Py, J=1,...,n+]1,

where0 < e, < - -+ < e, ., <L
Proor. We set
s5=j/(N-1), j=01...,N—1,
and
,=j/(N+r-1), j=01...,N+r—-1

Then according to (7.1) and Theorem 5.2 there exlsts a vector x%(N) =

(YN), ..., x5, (N)) such that ||mx%(N)|, =1, =,x%(N) alternates
between some n — r columns and, if we define

N j —
P = S QM0 + 3 S 00K (1 377 )

J=1 Jj=1
then there exist integers, 0 < i¥ < - -+ < i, < N+ r — 1, such that

iN
h
PN( N+r-1 ) - (—I)H’H"PN“«;,N

= (_1)1+r+l max

0<i<N+r—1 N+r-1

PN(———"——)I, I=1,....n+1
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We define dy = [x}(N)] + - - + + |xX(N)| + [|P" ||, - Then just as in Theo-
rem 5.2 we may prove that sudeN < oo0. There exists a subsequence {iV}
such that i¥/(N;+r—1)—e, I=1,...,n+1, 0< ¢, < e,<--- <
e,,+l < 1. Using the fact that sup,d,, < oo and the simple estimate

2( 1y* j“z'lx 2( 1y [F/ N D 1,5y s
|N

Je/(N=1)

< max{IK(t,y,) —K(@ty)|:0<t <1 |y, -y < 1/ (N = 1)}

which holds for all t €[0, 1, 0= jj, < j; <+ * * <Jpop <Upeps1 =N -1,
we conclude that there exists a function

Py(1) = _2 Bk (1) + }_‘, [ ?*‘K(:, 5) ds
suchthat0=§,< §, < --- <§,_,<§,_,,,=land

Py(g) = (=1)"* ||yl
0< e <:-- < e, < 1 First let us note that || Py||, > 0, for otherwise we
would contradict Lemma 7.1. Hence 0 < ¢, < - - - < g, < 1.
Now, using (7.1) we may conclude from Theorem 2.4 that for N sufficiently
large the function

—r (¥ /N k
Pro=Sok0+ g SN S k(&)
N j=o k=[Nngl/N

has the property that
n< S~ (P¥(e), ..., PY(€,1)) < r + number of distinct £’s € (0, 1).

Hence we conclude that 0 < £, <--- <§,_, <1 which completes the
proof.

Let us remark that when the determinants in (7.1) are always strictly
positive then the function constructed to Theorem 7.1 is unique. To see this,
we let P, be any other function with these properties and suppose || Py||,, <
[ Pollo- If Py Z Py then the function E = Py — P, has the property that
S*(E(ey), - - -5 E(e,4y)) » n while the strict positivity of the determinants in
(7.1) implies that S*(E(ey), ..., E(e,+1) < n — 1, [2]. This contradiction
implies Py = P,.

Before presenting the main theorem of this section we prove the following
important lemma.

LeEmMMA 7.2. Let P, be any function which has the properties described in
Theorem 1.1 and let Py(z)=0, i=12,...,n, 0<z, <+ <z,<1.
Then
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K( L...,rné&,..., ,,_,)>0’

ZiyveosZpZpggs e v s 2y

Proor. We will prove the lemma by contradiction. Suppose that the above
determinant is zero. Then there exists constants c,, . . ., ¢, not all zero such
that

r

2 @)+ 3 ¢K(z,4_,)=0, i=1...,n

Jj=1 Jj=r+1
A;:cording to (7.2) there existsaz € (0, 1) — {z,, ..., z,} such that
2 ok(z)+ X gK(z4.,)#0.
Jj=1 Jj=r+l1
Choose a constant d such that

Py(z) + d( g ¢k, (2) + _2+ch(z ¢ ,))
(71.5) ’ ’ _
where Py(1) = 3 bk(1) + S =1y f Sk (1, 5) ds.
j=1 j=0 ]

However, (7.5) together with the equations Py(z;) =0,i=1,..., n, contra-
dicts Lemma 7.1 and thus the lemma is proven.
To state the main theorem of the section we define the following quantities

d,,(K)=d,(%,; L°[0,1]),
d» (K)=d"(%,; C[0,1]) =inf sup |h
(K) = d (% C[o.1]) =inf swp |
where the infimum is taken over all subspaces L, of C[0, 1] of codimension n,

AL(K)= inf sup inf  max
& 0<s51< -+ <s,<1 ||h||w<la' ----- a, 0<t<1

‘ [Kaohea-Sak()- 3 akis),
j=1

Jj=r+l

p,(K) = sup inf sup  inf max
n,r( ) 0<0< - -+ <tyer<1 0<s5; <+ ++ <8y p<1 hll o <1 Apyevey o 1<i<n+1

n

[ 'K &= S ak() - S aK(03-)
Jj=1

Jj=r+l1

’

and

K inf sup max
Yn,r( ) "h"p 0<t<1

fo 'K (1, s)h(s) ds — (Th)(1)

where T is any bounded linear operator from L*[0, 1] into C[0, 1] whose
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range is an n-dimensional subspace containing the functions k,(¢), . . ., k,(?).
Note that d, ,(K) < 7,,.(K).

THEOREM 7.2. Let Py be any function having the properties described in
Theorem 1.1 and let P(z;) = 0,i =1, ..., n. Then

(1) d,,(K) = A, ,(K) = || Py||, and an optimal subspace X,) for the n-width of
XK, is spanned by the functions k(¢), . . ., k, (1), K(8, &), . .., K(¢, §,_,).

(2) d™(K) = || Py|l, and a best subspace of codimension n for the n-width in
the sense of Gel’fand for X, is {g: g € C[0,1),8(z) =0,i=1,...,n}.

(3) Y., (K) = ||Pll, and a best rank n approximation to the operator
JOK (8, s)h(s) ds whose range includes the functions k\(?), . .., k,(t) is defined
by (Th)(z) = [AK (z;, $)h(s) ds,i=1,...,n,and Th € X2.

(4) p’n,r(K) = An,r(I{) = “Ponoo’ and

(7.6)
flK Lo ey SpeeesSpopS ds
(1] by oves by

t(K) = sup inf

mr o<tl<...<;’w|<]0<8|<~..<$‘n-r<l n+|K(l,...,',sl,ooo,s"_’) ’

I=1] tl""’tl""’n-l-l

flK(l,...,r,s,,...,s,,_,,S) s
0 TR, AP

A(K) = inf sup

0<8< - <85 <1 0 < -+ <tyyy<1 A+l (l, R A N ,s,,_,)

Im=] tl""’tl""’tn-Q-l

and the inf-sup and sup-inf are achieved for t;=e¢, i=1,...,n+ 1, and
s=§i=1...,n—r.

ProoF. The following three facts may be proved by either “discretization”
as in Theorem 7.1 or by using arguments which are completely analogous to
those used in the proof of Theorem 4.1.

(a) Let

r n—r
8(0) = 2 ak(D) + 2 apur [ UK 5) .
J=1 j=0 ]

If ] glle < [|Pollothen|a| < Lj=r+1,...,n+1

(b) Given any h € L*[0, 1] we define linear functionals A(h), ..., A,(h)
by

1 r n—r
j; K(z;, s)h(s) ds = .EIAJ'(h)kf(z‘) + 21)\1.+,(h)K(z,., §), i=1...,n

J= J=

(This may be done in view of Lemma 7.2.) Then
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‘ [RILOrE 2 ARk () - El N (WK (5 6)| <|Po (0],

t €[0,1],if |A)|, < 1.
) Let0<s;<++- <5, ,<land

r n—r . n
P()= 3 ak()+ S (-1 ["K(s)ds+ 3 ak(ts.,).
j=1 j=0 5 j=r+l

Then || Pyl < max;gicqs1|P (€Dl

Hence from (a) it follows that d,,(K) > ||Pyll, and d™(K) > ||P||,-
Using (b) we see that (1), (2) and (3) are valid. Thus it remains to prove (4).

Let0< f;, <+ <1, <1,0<s <.+ <s,_, <1and consider the
set of equations

LKt h(s) ds = 2 b0 + S by Kt ) + (AR
j=1 j=1

i=1...,n+1,

a.7

where 4 € L*[0, 1]. Clearly

1.. ,r,s,,...,s,,-,,s)h(s)dgl
\Gh)| = cees by
M LA (b R A I
(7.8) > K .
=1 tl""’tl"“’n+l
n
=, inf  max f K(t, s)h(s) ds - 2 ok (t) - %la,x(x,, $-r)

and thus (7.6) is valid by the definition of g, ,(K). Now, from (c) we conclude
by choosing t, = ¢;,i = 1,...,n + 1, that

flK(l,...,r,sl,...,s__,,s)
o € e e Cnp

Py|.. <

0

7ol ntl (l,...,r,sl,.. s Sp )

> K
=1

ds

€ e s €yl

forall0 < s <--- <s,_, <1 Hence ||P|l, < p,,(K). But clearly from
(7.8) and the definition of A, ,(K) we have
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flK(l,...,r,s,,...,s,,_,,s)
0
sup

T
inf
0<s<++ <§-,<I 0< < - ° <ty4<1 ”+1K( 1, [P o8 s,, oo ,Sn_r)

ds

J=1 Lyeveslpp e oslyin
< A (K) =[Pyl -

The last inequality follows from (1) which we have already proved. Hence
o (K) = A, (K) = || Pyl , and (4) is proven.

We conclude this section with several examples of Theorem 7.1.

The first example, treated in [10], was our motivation for this study.

EXaMpLE L k() =t""Yi=1,2,...,r, K(t,s) = (t — s)'/(r — D\, t, s
€ [0, 1]. In this case

K, = {f: f~V is absolutely continuous, f € L=[0, 1], | /7| < 1}
={f:f e w0 1], 1], < 1}.
Hence d, ,(K) = || Py||,, where

r—1
Py()= 2 at/ +
j=0

( DI

(r- 1)'
is a perfect spline with n —r knots 0<§, <--- <§,_, <1 which
equioscillates at n + 1 points. In thiscase 0 =¢; < --- <e¢,,;=1and an

optimal n-dimensional subspace is given by

r—1 n
= { Dat+ F aj(t—gj_,):':(a,,...,an) € R" }

Jj=0 Jj=r+1

EXAMPLE 2. K(t,5) = 1/(t + 5), t, s € [a, b], a > 0. This kernel is known
to be strictly totally positive. Hence the width of the set

h(s)
‘Jfo—[a rerael ||h||°°<l]
is d,(K) = || Pyll,, Where
S i (o1
= - J i+ 1 o o o
B@= B Y[ d a<a<<h<h

and P, equioscillates n + 1 times on [a, b]. Py(?) is unique and an optimal
subspace for % is given by

n 1 n
X,?={2ajt—+—£j:(a|,...,an)ER }.

j=1
ExampLE 3. K (¢, 5) = e“,t,s € [0, 1].
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— l’Sh d. h <]}
¥ = { [leh) as i, < 1),
d,(K) = || Pl ., Where
P([)=i(_1)if§+letsdg’ 0<£l<...<§n<1,
Jj=0 §

and P, equioscillates » + 1 times on [0, 1]. Py(¢) is unique and an optimal
subspace for X is given by

n
X0 = { Eaje'%(a,,...,an)eR"}-

j=1
ExaMmpLE 4. Given any nonnegative real numbers ¢, .. ., ¢, we define the
polynomial

m

q2m(x) = H (‘x2 - tjz)

j=1
and the set

D = {f:.f € w[0,1],f%P(1) = f2(0) = 0,
k=01...,m- l,||q2m(D)j"°° < 1}.

We may express D as a ¥, where K (¢, s) is the Green’s function for the
differential operator

—_ = =0,
jl.—.Il ( dxz / f

91y = f290) =0, k=01,...,m—1.
It may be verified that

79

S sin kat sin kas
(7.10) K(t,5) =23 SN
(%) kgl Gom(ik)

Furthermore, it is known that (—1)"K (¢, s) is totally positive on [0, 1] X
[0, 1]. To see that this is the case we observe that the differential operator
(7.9) is the product of the second order differential operators

f(x) - azf(x)=0, a=t,...,t,
f()y=70)=0.
Thus if we call the Green’s function for (7.11) K (¢, s; a) and define
1
Ki(5) = [ K(6.; )1 (05) &

where K,(t, s) = K(¢, 5; t;), then K (1, 5) = K, (¢, s). Hence it is sufficient to

(7.11)
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prove —K(t,s; a) is totally positive for any a > 0. However a direct
calculation shows that

—a”!'sinhatsinha(l —5), <5,

K(t,s;a)=
(& 53 ) {—a"sinha(l—t)sinhas, s<t.

Since

da [ sinh ax _ a >0

dx | sinha(l=x) | Ignhg(1 - x)]*
for 0 < x <1 we may conclude from Corollary 3.1, p. 112, of [2] that
— K(t, s; a) is totally positive.

We define
()= 3 (-1 iy K (1) .
Jj=0 +1)
Then using (7.10) we obtain
sin(2/ + 1)(n + )7t

P =3 ,?0 QI+ 1)g,, (i1 + 1)(n + 1)7)
Clearly,
Po(t+1/(n+1))=—Po(1), Po(l/(n+1)—1)=Py(2),
Py(0) = 0.
Hence

Po(i/(n+1)=0, i=01,....,n+1,
Py(QRi-1)/2(n+1)=0, i=1,...,n+1

It is also known that Pj has no further zeros in (0, 1) and (—1)"Py(?) > 0,
0 <t < 1/(n+ 1), cf.[8]. Thus we conclude from Theorem 7.2 that

a-1" $ (=1

4,(?) = — S0 @1+ 1)gy, (i@ + 1)(n + 1))

and an optimal subspace for 9 is given by

{ZaK( )(a,,...,a,,)ER"}.
When g,,,(x) = x*"

4 5 (=

d"(GD) = 2m+1 2m 2m+1 °
7t (n+ 1) =0 21+ 1)




ON n-WIDTHS IN L™ 171

Furthermore in this case

1
PO (t) (n + 1)2,,, EZm((n + l)t)
where E,, is the 2mth Euler perfect spline function, normalized so that
|EGM(x)| = 1.

As a comparison, let us compute the L2-width of the set ). Since (7.9) is a
selfadjoint operator with eigenvalues A, = g;,!(inm), n =1,2,..., and cor-
responding eigenfunction sin #nx, n =1,2,..., we may use the obvious
L2-analogue of Theorem 2.3 and conclude that

(="
d,,((’D; LZ[O, 1]) = m .

Hence we have
d,(D; L0, 1]) 2 (=1
im _—
n=e g (9); L2]0,1]) i=0 (21 + 1)**!

Finally, we remark that using the results in [4] and [6] we may obtain the
n-width of other differential operators whose Green’s function is totally
positive.

Following the completion of this article the paper by C. K. Chui and P. W.
Smith [1] appeared. We shall comment below on the relationship of our
results to those obtained by Chui and Smith.

Given any real-valued functions Aj(x), . .., A,(x) defined on the interval
[—1, 1] we define the rth order differential operator ‘

=4
T

(7.12) Lf(x) = ﬁl (D - Ai(x))f(x)

and consider the class
(7.13) B(L) = {f:f € W[-1,1], |, < l}
where in this case || g||,, = ess sup{| g(x)|: |x| < 1}.

In [1], the n-width of ® (L) was found when the functions A (x), . . ., A.(x)
are constants

Ax)=b, Jj=L...,rnx€[-11],

and H;_ lbj =0,

In the general case, we may express ®(L) as K, by choosing
ki), ..., k() to span the null space of L and K(x,y) to be the Green’s
function of the initial value problem determined by L. It is well known that
our hypotheses (7.1)(7.3) are satisfied in this case, [2]. Thus Theorem 7.2
applies to the set B (L).
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In particular, given any real polynomial p,(x) of exact degree r such that

the set of zeros of p, is contained in the vertical strip
{z: |Imz| < 7 /2}

then p,(D) may be factored in the form (7.12) and thus Theorem 7.2 applies.

The reason that the approach in [1] for the case that p,(x) has real zeros
by, ..., b, does not apply when II_,b; # O results from the choice of the
nonlinear approximation problem studied in [1].

Using their notation we define v € W’[—1, 1] by requiring v(¢) = 0 for
t < 0and Lo(z) = (¢)%. The best approximation problem of [1] is

(114) inf [ ..

where g(f) = o(t + 1) + 2T q0(t — 1) + 2. Bwi(D), {wy,...,w,} is a
basis of the null space of the operator L and the minimum is taken over
-1<y<---<t,<lLo;=*1,(B)...,B,) € R". The function g is in
X, if and only if ITj_,b; = 0. Hence when II}..,b; # 0 the value of (7.14) does
not give the width of B (L).

8. Restricted moment spaces. The discussion in §7 correspends, in a sense,
to the results in §§4 and 5 when N = M = o0. In this section we briefly
consider some examples of the cases N < oo, M = 00 and N = o0, M < 0.
We provide no proofs here since the previous methods used in §7, combined
with the results in §4, apply readily.

CAsEl.N < o0, M = 0.

Let u,(?), . . . , uy(t) be a set of continuous functions which form a Markov
system on [0, 1], that is,

‘i‘}tluik(ti)l>0
forall0< ;< < < L1K< <+ <{pE KNEk<N.

The restricted moment space generated by u,, . . . , uy is defined as follows.
Let A be the mapping from L*®[0, 1] into /¥ defined by setting

1
(Uh),= f w(Dh(tyd:, i=1,...,N.
0
Then
My = {Wk: A, < 1)
is the restricted moment space generated by u,(¢), . . ., uy(?).

For every x = (x;,...,X)ER", 0=x< %, <+ -+ < x, < Xy =1
we define

h()=(-1Y, x<t<x,,j=01...,n

9N, is a subset of R¥ and its n-widths is given by
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THEOREM 8.1. For any integer n,0 < n < N, there exists a &=
Eh.. . 6),0<¢ <.+ <& <1, such that the N-vector, Uh, equioscil-
lates n + 1 times. The n-width of O, is given by

d,(My; ) = || Uk,
and the vectors (u,(§), . . ., uy(§)), i = 1, ..., n, span an optimal subspace for
the n-width of OM,,.

Note that when N = n + 1 then we also have

) 1{nt1 n+1 .
4 (M [50) =, min [ 2 au()d: 3 a(=1 =1t
Jﬂ -

CASE2. N = 00, M < 0.
For every x = (xy, . . . , X)) € RM we define u(¢; x) = 2}"_ 1u;(2). Again,
we assume that {u,(?), . . ., uy,(¢)} is a Markov system on [0, 1]. Let

Ny = {u(t; x): | x|, < Lx ERM}
N,, is a subset of L=[0, 1] and its n-width is given by

THEOREM 8.2. For any integer n,0 < n < M, there exists a vector x° =
(x0, ..., xY) which alternates on some n components * = (j?,...,j9, 1 < j?
<o < JO< M, and u(t) = u(t; x° equioscillates n + 1 times on [0, 1].
The n-width of N, is given by d,(I,,; L[0, 1) = ||uy|l, and the functions
uo(1), . . ., uo(t) span an optimal subspace for the n-width of Ny,

Note that when M = n + 1,
dy (N1 L]0, 1]) = min{|fu(s; x)| ;|| = 1}-
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